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Abstract 

In the economic theory of labor supply, a worker's labor supply 
behavior is presumed to be determined by an underlying structure of 
preferences for leisure and market consumption. In most empirical 
studies of labor supply, the functional form of the inherent preference 
structure has been chosen by a priori assumption, eithor implicitly 
through the choice of a form for the empirical labor supply function 
_pr explij:"itly_ ..through-iha _ahoiG^-^^^--a^-speei-#ic-^^ 

function. In this paper we develop a theoretical methodology unde^ 
which the choice of the general functional form of the income-leisure 
preference structure may be regarded as an empirical' question. We 
review the 'common functional forms employed in empirical labor supply 
models and characterize the inherent preference structures in terms 
of patterns of expansion paths in the plane of leisure and .market 
consumption. The preference maps for the more tractable models are 
seen to fall within a well-behaved set of alternative structures that 
range along a cpuynuum from divergent to convergent patterns of 
expansion paths. ^ new class of preference structures, having 
parallel expansion g^^ths, falls within this continuum. A proposed 
empirical modeX for tbe estimation of the form of the preference 
structure is adapted from an estimation form developed by Cohen, Rea, 
and Lerman (1970). This model permits the estimation of sample 
analogs of expansion paths at different wage rates. The pattern 
of the estimated path may then be tested against those implied 
by alternative analytical functions • 
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IMPLICIT AND EXPLICIT PREFERENCE 
STRUCTURES IN MODELS ' OF LABOR SUPPLY 

>' I. Introduction 

The theoretical models for most . recent empirical studies of 
labor supply have been cast in the mold 'of classical demand analysis. 
In these models, an individual worker-consumer is presumed to have 
a stable structure of preferences' for leisure and market consumption 
that may be represented by a well-behaved utility function of those 
two basic goods. Given an opportunity set, defined by a wage rate 
and a level of nonwage income, an individual is expected to choose 
the combination of leisure and market goods that maximizes his or 
^ her utility. Optimal choict^s of leisure^^ai^ consumption_ 

over a range of wage rates and nonwage income may then be represented 
by a set of demand functions for the two goods. The labor ^supply 
function folloys directly from the demand function f.or leisure, 
since labor supply is conceptualized as the simple additive comple- • 
ment of leisure demand. . 

In the classical general model of labor supply, the only 
assumptions made about the utility function concern general convexity 
and continuity properties. As a consequence, the general theory 
provides very little information about the form of the labor supply 
function. The theoretical implications are limited to a familiar 
set of restrictions on the par tial derivatives of the supply function 
evaluated at a given equilibrium point. The fully general model 
implies little about responses to large changes in budget variables or 
about the interrelationships among labor supply parameters evaluated 
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at different equilibrium points. These kinds of information cannot 
be obtained without more specific knowledge about the structure of 
preferences for leisure and market goods over a broad range of 
those variables. 

1 . * • ■ 

Such knowledge is critically necessary for many of the 

practical applications of labor supply models. The problem of 

simulating labar— supply responses to proposed income-maintenance 

programs is a case in point, A typical negative income tax propo.sal 

would provide income supplements of several thousand dollars combined 

with 50 percent cuts in workers * net marginal wage rates , Point 

estimates of labor supply parameters at a worker's preprogram equilij- 

brium point are clearly not suf f icient . to simulate responses to so 

larjge a change. Accurate simulation also requires information about 

changes in labor supply parameters over the relevant range of 

variables. Most empirical s,tudies of labor supply have been based 

on a priori assumptions about the broader structure of the labor 

supply function or of the underlying preference function. There 

has been very little empirical testing of the restrictions inherent 

in the various assumptions about functional form. As a consequence, 

inferences about labor supply responses to major changeis in economic 

\ 

\ 

incentives may be subject to distortion due to inappropriate functional 

' ■ \ 

assumptions. ' \ • 

Two distinct approaches to the structure or, income-leisure 
preferences'^ are evident in recent empirical labor supply literature. 
We shall refer to these two approaches as classical general models 
and eicplicit utility models. In studies based on the classical 



6 



general model, the question of the broad structure of preferences 
has largely been ignored. The primary emphasis has been placed 
on estimating derivatives of the/labor supply function and testing 
those estimates for theoretical acceptability at a single equilibrium 
point. In explicit utility models, a variety of specific functional 
forms has been assumed for the income-leisure utility function. 
"The~parameters of the derived labor supply model expit'icitly correspond 
to the parameters of the preference structure. Estimates of the 
labor supply parameters thug imply estimates of the full preference 
structure, subject to the limitations of the assumed functional form. 

Explicit utility models have differed in the level of general- 
ity of the assumed utility function. Clearly, those studies based on 
more general utility functions are less likely to produce distorted 
estimates of- the preference structure arising from limitations of 
the assumed functional form. In general, however, little attention 
has been paid to testing the appropriateness of the assumed functional 
form. Studies based on the classical general model have also differed 
in their true generality. The majority of these studies- have assumed 
explicit functional forms for the supply function in order to estimate 
the desired parameters. Assumptions about the supply function imply 
corresponding assumptions about the underlying preference structure 
that are. often no less 'restrictive than the assumptions of explicit 
utility models. Again, little attention has been paid to testing of 

the appropriateness of these restrictions. ' 

2 

This paper is part of a larger project to obtain estimates of 
incbme-leisufe preference structures that'^are not limited by arbitrary 
assumptions about functional form. A large part df the paper is 
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de-^/oted to a review of analytical labor supply models, with partictilar 
emphasis on the properties of the underlying preference structures. 
A theoretical metho^^olo.gy is developed under which preference struc- 
tures are characterized by patterns of expansion paths at different 
marginal wage rates. This methodology facilitates comparisons between 
4Jie st-ru^^r^s-^ha-t—^e— implicit in the various adaptations of the' 
classical general labor supply model and, the structures that are 
assumed in explicit utility models. 

The review of preference structures inherent in common analytical 
models provides the theoretical background for interpreftation of 
parameter estimates from a general empirical model* Our proposed 
model is designed to allow estimation of sample analogs of expansion 
paths subject to only minimal functional restrictions. The estima^^dn 
form is adapted from a flexible model developed by Cohen, Rea, and 
Lerman (1970) and elaborated by Rea (1971). The expansion path 
methodology provides the framework for an integrated interpretation 
of the matrix of isolated point estimates from that model and 
facilitates general inferences about- the underlying preference 
structure. 

The discussion is in two major parts corresponding to the 
cont.rasting approaches to labor supply models noted above*. Section 
II begins with a brief review of the fully general classical demand 
theory model and then turns to a discTisslon of' specific functional 
approximations that have been ^employed for the estimation of labor 
supply parameters . Tlie models reviewed include the linear additive 
model, nonlinear additive models, double logarithmic models, and the 



model suggested by Ashenfelter and Heckman. For the more tractable 

forms we derive a full map of the preference structure in terms of 

expansion paths, For others, we consider only selected features 

of the implicit preference structure and evaluate their theoretical 

plausibility-^ The section concludes with an exposition of th^ 

Cohen, Rea, and Lerman model and of our proposed Interpretation 

of estimates from that model. 

In Section III we review the preference structures implied by a 
• _ ■ 

variety of explicit utility models. These models include the Stone- 
Si ' 

Geary linear expenditure model, constant elasticity of substitution 

(CiE,S,) models with subsistence parameters, variable elasticity 

models, and the quadratic utility model. In addition to re^viewing 

the utility models employed in previous empirical work, we discuss 

the properties of a new class of preference structures characterized 

by parallel expansion-paths , 

Throughout the paper we restrict our attention to labor supply 

models for one-worker families. We also abstract .fully from any 

stochastic elements of labor supply and from any empirical problems 

3 ^, \ 

that may affect estimates of labor suptjly parameters. The 
idealized world of stable, nbns tochas ti,c labor supply functions 
serves best fdr our analysis of the implicit and explicit preference 
structures of analytical labor supply models, 

II . Classical General Labor Supply Models 
A.. Tlie Fully General Model ■ 

The fully general model of labor supply based on classical 
demand theory embodies very few assumptions about. the structure of 

9 
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preferences for leisure and. market consumption. It is assumed that 
•a worker's preferences for the i two basic goods may be represented 
by a utility function as in (1) , with lel^sure denoted by L and 
market consumption by M. 

^(1) u = u(L,M) . ' 
The utility function (1) is assumed to be increasing, twice 
dif ferentiable, and convex, but no assumptions are made about its 
specific functional form. A worker is presumed to choose the 
levels of leisure and market consumption that maximize his or, her 
utility subject to the budget constraint (2). 

(2) a) M = w(T-L) + J ^ 

. • / ' ■ ■ " ■ 

or 

• b) M =^ wH + I 

where / . * 

w is the worker's wage rate in real terms > 
'T.is the total time available, 
H=(T--L) is the' time spent at market work, and 
I is the real value of nonwage income, 

4 ■ 

For notational simplicity, the price of market goods has been 
set equal to unity and wage rates and income are expressed in real 

terms.' — , ( ^ 

For any wellj--behaved utility function, the quantities of leisure 
and market goods that maximize utility subject to ,the budget 
constraint will be functions of nonv/age Income and the wage rate.* 

(3) a) L = L(w,I) ; 

b). M = M(w,I) . ^ . . " 

■ - . ■ \ 
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The- demand functions (3a, 3b) are as general as the utility function. 
In the absence of additional assumptions or empirical estimates, 
we have no iivf^iiatlon about their specific functional fotm. The 
dema^id- functions do satisfy the familiar restrictions that follow, 
from the general characteristics of the preference function and of 
maximizing behavior. It will be more , convenient to express these 
restrictions in terms of the labor supply function, since labor 
supply is our primary interest.^ 

The labor supply fiinction follows directly from the leisure . 
demand equation (3a) by jmeans of the work-leisure identity. 
(4) -a) H = T-L(w\l) ; 

b) H = H(w, 1) . ; \ 

The total/time available, is taken to be a constant, so the 
propertie's of the labor supply function (4b) are equivalent to 
those of the demand function for leisure , except for sign changes. 
The demand funtion f^or market goods may then ^e exi)ressed in 



terms of theHabor supply function by means of thej budget constraint. 

(5) M(w,I) = w • H (w,l) + .1 . I 

r 

In tie following discussion we will focus primarily on the 
labor supply function. However,, it is important j:o keep in mind that 
market consumption is an endogenous variable to be determined jointly 
with labor supply. On occasion we will refer to market consumption, 
M, as "total family income" or in the adjectival phrase "income- 
leisure." For the most part we reedrve the term "income," and 
especially "income effect," to refer^to nonwage income, I, which 
is presumed to be exogenous. 



.8 

The central featpres of^'the general labor supply model are 
contained in' the/ Slutsky equation and the .restrictions ofi its 
parameters. ' 

(6) dH = (S > K jm)dw + 3H dl i . 

! . ^ 

The parameter, S, is the pure substitution effect. It ' / 

represents the response of an' individual' s work hours to. an 

irif ir/itesimal change in the wage rate if \Uonwage income is also 

chaaged so that the level of utility is held constant. Equivalently , 

^1 '" . ^\ 

th^ substitut^.on effect is the response of work hours to an 

\ ' \ ■ ' ' 

infinitesimal ctiange in the marginal wage with the average vmge 

unclianged.^ \ ' j 

The central theoretical restriction/on the parameters of the 

Slutsky equation is that the subs ti tutz^ion effect must be positive 

8 ' ■ ■ 
or zero : 

(7) S > 0 . . 

Usually the puife substitution' effect is not directly observable. 
The parameters that can be measured directly are the labor supply 
responses to nonwage income and to changes in wag^ rates for all 
hours work. Each response is measure^ with otheV^ariables 
held constant or controlled in a tnultivari^^te statistical model. 
The relationships of these observable respoAses to the pure 
substitution effect follow from equation (6). ^ 



(8) M=s+H f :■ ■ ■ 

/ . dW dl , 

The restriction on .observable parameters is thus given by equation' (9) 



Restrictions on the sigT)s of the income effects do not follow 
from the strictly general model, but it is generally assumed that 
leisure is^a ndrmal good. ^Under that assumption the income effect 
on leisure, is positive and the income effect on leisure is negative. 



(10) a) 8L ^ . 



« If <,p. 



Market consumption is also assumed. to be. a normal good. , Given 
our expression of demand for market goods in terms of the labor 
supply function, this assumption translates into another restriction 
on the income effect in the labor supply function. 

(11) a) 9M 3H + i '> 0 . - ^ 



b) 



9H ^ 1 , 
91 w , 



The decomposit^ion- of the observable wage .^response into income 
and substitution effects is particularly ameijaljlfe' to graphical 



presentation. This graphical presentation alsc| serves as a useful 
basis for our subsequent discussion of the implications of empirical 
labor supply functions. For the simple model with only one worker, 
the utility function. and the opportunity set can bemapped on a . 
plane with market goods and the leisure of the worker as axes. . A 
portion of' the utility map i'^ shown in Figure la, along with an" 
initial wage-income opportunity:^ set AB and the resulting optimal 
equilibrium labor supply position atr-p^oint ,C. Figures Ib-ld 
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Figure 1^^^6*:a,uhical Representation of Income and Substitution 
Effects in the Simple Labor Supply t«Iodel 
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represent changes in the optimal labor supply equilibrium in response 
to changes in the income and wage-rate variables that define the 
opportunity set/ 

In Figure lb, nonwage income has been increased by an amount 

• i 

AI5 and the new opportunity set is given by line EG, with the new 
optimum of labor supply ^nd 'market consumption at point F. Given 
the assumption that leisure is a normal good, the additional nonwage 
income results in a decrease in equilibirium work hours, as shown. 
The decrease in work hours per unit of nonwage income is referred 
to as the income effect on work hours or simply the income effect. 
The income effect on market consumption is illustrated by the 
vertical distance between points C and F. That • parameter is 
'^positive if market consumption is a normal good but ij^ less than 
unity because a^ portion of th& change in nonwage income is 
allocated to the purchase of leisure. 

, The dashed line through points 'C and F in Figure lb is an 
expansion path , the locus of equilibrium values of labor supply 
and market goods that result from changing nonwage income while 
holding wage rate constant. The illustrated expansion path is 
linear, though this- n^ed not be generally true . Other expansion 

-1 

paths will be defined for other given values of the wage rate and 
generally may differ in slope and/or curvature. In anticipation 
of subsequent 'discussions in this- section, note that a set of 
expansion paths. for a. variety of wage rates embodies much o^ the 

same information about a, preference map as does a set or in- 

4 

difference curves. 
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An approximation of the subs titution effect is illustrated in 
Figure- Ic, From an original equilibrium point- C, ^ worker is 
offered an increased marginal wage rate represented by the line CK 
The new equilibrium poinj:^ N .illustrates the positive substitution : 
effect on work hours of a higher marginal wage. Because the figure 
shows a finite ohange ii;!'^ the marginal wage, the new equilibrium . 
is at a higher level of utility. In the limit of successive 
infinitesimal changes in the'marginal wage rate, the new -^equilibrium 
will fall arbitrarily close to the original indifference Curve, 

The combination of effects resulting from a change Ift'wage rate 
for all hours . worked is shown in Figure Id. If work hours were 
unchanged, an increase in v/age rate would result in anHncrease 
in total money income equal to H^Aw. If this increase^- came instead 
'from nonwage ' income with wage rate unchanged, it would have.^a 
negative income effect on work^'hours, as illustrated by point F on 
the wage line EG. The higher wage rate also has a pbsit^ive 
substitution effect, offsetting the income effect, and the combined - 
result is a new equilibrium point at Q, As. shown, the overall 
effect of an' increase in wage rate is an increase in work hours.' 
A falling or backward-bending labor supply ^curve would also be 

i • 

possible"; of course, given a. relatively weaker substitution efiect. 
Again, the illustration of thfe. separate effects is only appro:j^imate , 
because the changes are finite. The simple decomposition 6%^he wage 
response into income and substitution effects given ^n equation (8) 
holds exactly only for infinitesimal changes. ■ 
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B. Estimation Approximations, Simulation Approximations, and 
Implicit Assumptions About the Functional Form of Utility 

_ We turn now to a consideration of the properties of underlying 
utility functions that are implied by a variety of functional approxi 

mations employed in empirical sj:udies of labor supply. Virtually 

\ 

any functional form may" have reasonable implications if it is applied 
to a sufficiently restricted range of variables. In practice, 
however, functional approximations for parameter estimation. are 
employed over nonnegligible ranges of independent variables. 
Furthermore J many of the more important policy inferences to be 
drawn from labor supply estimates, such as"^ the simulation of 
responses to a negative income tax, involve extrapolation of- 
responses outside the range of data used for estimation. It is 
thus central to proper evaluation of empirical studies that 
employ approximate supply functions that we consider the utility 
implications af those approximations over the- full relevant range 
of independent variables. 

In the following discussion we shall focus ^s^on a variety of 
single-worker supply functions and consider two broad aspects of 
their utility implications: theoretical acceptability and , 
general plausibility. Under the first criterion we will seek 
to define the regions in which the subs titution. effect is 
nonnegative and in whicl^ leisure and market goods have positive 
marginal utilities and normal income ' effects . If these conditions 
fail within the range of variables relevant to estimation or 
simulation, we seriously" question the theoretical acceptability 



14 

of the functional approximation. Evaluation of the plausibility 
of the implied utility function is necessarily more subjective 
but helps to place useful perspective on the interpretation of 
estimated parameters. Such evaluation is also a prerequisite to 
the consistent use of estimated labor supply parameters in the 
simulation responses to altered ^ncome and earnings opportunities. 

Consistent use of ^stimated labor supply parameters for 
simulation requires that the'same implicit assumptions about 
functional form of utility bfe^eigj^loyed for both the estimation 

Vs. 

and the simulation stages. Such consistency is alssured if the 
estimated supply function is used directly as the simulation 
equation. That is, if an individual's expected equilibrium labor 
supply position before a'policy change is given by H(w ,L ), and 
if the new policy results in a new net budget constraint defined 
by w* and I', then the estimated supply function. implies a 
simulated labor supply position at H(w*jl*). However, this 

procedure has been widely ignored, despite, or perhaps because 

^10 . >' 

of, its simplicity. In the majority of studies based on the 

general model, including one by the present author (1974) , the 

supply function has been used to obtain point estimates of the 

substitution ef_fect or its elasticity at the populatioa mean. 

That parameter, assumed to be constant, has then been used £or 

the simulation of responses. In addition to unnecessary complexity, 

this procedure often leads to an inconsistency in the system because' 

the assumed constancy of the substitution .effect, or its elasticity, 

typically imlRlies an .underlying' utility function different- from-that 

implied by the estimated supply function. 

18 
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The Functional Form of the Substitution Effect 

Any labor suptj)ly model expressed in explicit analytical form 
lends itself to a simple derivation of the functional form of the 
implied substitution effect. Given that the functional form of 
labor supply (lia) is 'known, the functional forms of the^obse^rvabl^ 
wage and income responses (12b,, 12c) follow by simple differentiation, 

(12) a) H = H(h, i) ; ,/ • 

b) aH(w,I) ; ' \. 

aw 9w " ' 

c) 9H ^ aH(w,I) ^ \ 

The substitution effect depends on the observable wage and 
income responses arid on the "point ^of compensation." -The latter 
value is simply the- equilibrium level of labor supply a^s given by 
the supply funct^ion itself. The f unctional , f orm of the substitution^ 
effect thus follows from the substitution of the functions . (12a) - 
(12c) into equation (9). ' . . 



(13) S(w,I) = 9H(w,I) ^ 9H(w,I) . H<w,I) . 

9w 31 

Our treatment of the point of compensation and the substitution 
effects as functions rather than point Values contrasts with most 
previous applications of the general labor supply model. The 
functional treatment is, necessary to establish the broader properties 

of the preference structures implied by various assumed estimation 

> 

forms . . ''' 

\ 

. . \. ■ 
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Linear Additive Labor Supply Models ' - - 

The linear additive supply function is the simplest explicit 

12 

form, and it has been widely employed in empirical studies. 
For this model the supply function is given by (14). 

(14) H(w,I) = + Aw + BI . 

The substitution effect from (13) is given in equation (15). 

(15) S(w,I) = A - B H(w,I) 

= A - BH - BAw - B'^I . 
o 

To establish the limits on the range of wage rates and income 
for which the substitution effect has the acceptable sign, we simply 

r 

set S(w,I) .equal to zero in (15) and solve for the combinations of 
values w*, I* that define the limits. 

(16) a) I* = ^2 ^ ^ -B^^*); 5 ■ > ' 

B ■ " 

or ^ . 

b) w* = 1^ (A - BH^' -'B^I*) . 

y ■ . 

The equations (]6a) and C16b) are simple ' reciprocals . They 

- describe - the combinations -of- exo genous- variab les—that yield lab^or 

supply equilibria at pointS*;'where the substitution effect, is zero. 
The implications for the underlying preference structure become 
somewhat clearer when we solve for the labor supply and market, 
consumption points at which this occurs. .For labor su/pply, we 
substitute into equation (14) from (16) and solVe in (17). 



/ 
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(17) H*(w*, I*) = + Aw* + BI* 



A 

= H + Aw* + — - Ho - Aw* 
o B 



A 

B • 



For the critical values of market consumption, we note that the 
equilibrium value of market goods may be taken from equation (5) • 

(18) M(w*, I*) = w* • H(w*, I*) + I* , 

Further substitution from (17) and (16) then yield's the solution, 

(19) M*(w*, I*) = w* ^ + I* . . 

= a; A_Ho A. - • 
B, g2 B B 



Both H* and M* "-are constants, ' That is , all pairs of values 

</ 

of w* and that imply a zero substitution effect also imply labor 
supply and market consumption equilibria ^t a single point. As 



" wilTl)^ 'elaborated below, this implies that the expansion paths 
through all ''initial equilibrium points converge at the given 
point (H*,M*). For^want of a better term,, we might say that the 
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linear additive supply function implies a concentric homothetic 
utility function. All indif Jference curves are identical except 
for a scale factor that becomes successively smaller the closer 
the curves aire to the bliss point H*,M*. We use the term '*bliss 

point^' because the indifference curves assume reverse curvature 

*\ .. ^ 

in the region above and to the right of H*,M*, implying that that 
point represents the maximum attainable level of utility. 



^ - . 2i 
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Assuming that B, the income effect for work hours, has the : 






acceptable negative sign as required if leisure is a normal good, 






H* will be opposite in sign from the wage coefficient A. Thus 






for rising curves (A positive) the implied substitution effect 






takes on unacceptable values only in the irrelevant region of 






negative work hours. For negatively sloping supply curves, however, 


• 


1 


h* is positive, and ';it becomes important to determine whether the , 






substitution effect goes to zero within the relevant range of 






other variables. If the point of convergence is well removed 




from the range of variables over which the linear approximation 


- ■ :':\ 

i 




to the supply function is employed, tHe implied gradual decline 






in the substitution effect at higher utility levels may not be 


/ 




a serious problem. If the convergence point is close to or within 


/ 
/ 




the important range of variables, howjever, we must seriously 






question the usefulness of the approximation.,. 

The convergence properties of the preference map for a 






linear additive supply function are easily illustrated in the 


- r' 


t 


expansion path diagram shown in Figure 2. The diPagram also 


f 




illustrates the boundaries of the'region beyond which either | 


\ 




leisure or. market consumption ;"f ails to be a normal good. 






An expansion path is the locus of equilibrivim values of work 


- 




hours and market consumption as the budget level is changed while / 






holding the marginal rate of substitution constant. The points on 


. / 




such a locus may be obtained by evaluating the labor supply function 




and the market depiand function at a fixed wage rate and different 






l(?^vels of nonwage income. The slope of an expansion path is 






determined by the ratio of the income effects ft)r work hours and 




er!c& 


for market. , goods . • 
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Figure 2. Expansion Paths for a Linear Additive Labor 

Supply Function 

(H = Ho + Aw + BI ; A,B < 0) 




20 



(20) a) an ^ ^^/ai ^ ^^/di 

aM dM. an , T 

3H w — + 1 

b) aM ^ ''^/ai ^ ^ ai ^ 

. an - aH/g^ " aH/^^ 



In the linear additive supply model, the income effect on work 
hours is given by the constant, B. The expressions in (20) thus 
simplify to those in (21) . 



(21) a) 8H ^ B_ , 

dU Bw+1 * 



b) • 8M ^ Bv+1 . 
8H B 

The two alternative expressions in (20a) . and (20b) and in (21a) 
and (21b) are simply reciprocals. They are useful because one^of th^ 
two may be undefined. Such a- case occurs in the present model at a 
sufficiently high wage level w = -'^/B. A-t that wage rate, an 
increase in nonwage income is spent entirely on- leisure and the 
income effect .on market consumption is zero-. The expression in 
(21a) is undefined, while" that in (21b) is zero'. The expansion path 



for this wage ra te is r e^esejited_/by the hari,?^.ontaJ — lina^-to— t6e-~lef-t" 



of point P in Figure 2. This pal/h marks the boundary- of the region 
in which market consumption is A normal good and thus places a 



iimit on th^ range of wage ratles for which the linear additive ' ■ 
model is ■ an acceptable approximation. 

. The fact that the expansion-path slope, varies with wage y 

rate in this model while the income . effect , B, is a ^constant, 
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underscores a distinction that has not always been clear in the 

labor supply literature. confusion of the two parameters appears 

to be the source of the inconsistency in the Ashenf elter-Heckman 

model discussed below. Cain and Watts (197^3) also appear to refer . 

13 

to the two parameters interchangeably . 

The lower boundary of the region for which the linear additive 
model jis an'acceptable approximation is given by the zero-wage 
expansion path. This path extends from to the convergence 
point P in Figure 2. Values of work hours to the right of this 
locus are achieved only at negative wage rates, with the implication 
that the marginal utility of leisure is negative in that\yegion. 

It is of interest to consider the boundary values implied by 
actual esttmites of labor supply parameters in this model. Linear, \ 
additive labor supply .functiohs estimated in three representative 
studies are presented in Table 1. We have chosen, only examples 
in which the point estimate of the substitution ^5fect at the mean 
values of work h9urs, wages, and income has the acceptable sign. At 
thiy juncture we ^re concerned only with internal consistency of 
thejat^meters£jjii_d^ — 
.estimation problems. ' ... 

The critical values of work hours -and total family income 
(H* and M*) at which the implied substitution effect goes to zero 
are shown in the first two columns of Table 2. The other entries 
in the table help to place these critical values 'in perspective. ^ 
The third column, W*(0), 'gives the wage rate at which this equilibrium 
is reached if there is no nonwage income. The fourth coluiiin, • 
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Table 'Representative Examples of Estimated Linear 
Additive Labor Supply Function 



Greenberg-Kosters 
Working male family heads 



1. Simple linear model 


H = 


2400^ 


-108. 2w 


06751 


~~ • -Model. ^ith kinked wage curve 






• 




2.' Wage rate under $2..00/hr. 


H = 




74w - 


0661 


Wage rate over $2.00/hr. .- 


H =- 


2400^ 


■ -103w 


0661 


^ d 
Hill 










4. Poor white males 


H = 


2300 


-204w 


401 


5. Poor black males 


H == 


2200^ 


-154w 


. 321 


6. Nonpoor white males^ 


H = 


2700^ 


■-172w 


2151 


e 

Dickinson ^ 










Working male family heads 










7. 5~year average work hours 


H = 


2560 


. - 53w 


. Q61I 


Working wives " ' o 










8. 5--year average work hours 


H = 


800 


+400w 


. 031 


linearized step function . - 










^The intercept term is approximate because 


numerous control 


vari- 



ables whose means wece unreported, ^ere included in thj e^jsjjjmgtj 
e£uation^__JteJiav-^ twb-pre'dictor model 

and have chosen- the intercept to yield 2000 hours at the mean wage rate 
and zero income. The cboic^ is^-^not- critical to our interpretation of^ 
results , since the -degree of approximiation' is small in proportion to 
total annual work hours. . j 



This model has been simplified to eliminate a weak wage^income 
interaction, as discussed in the text. " * - 

^Gre^nberg and Kosters (1970) ,/ also in Cain and Watts (1973).^ 

^Hill (1973)'. ' ■ 

^Dickinson (19 74) . " 
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Table 2. Variable Values Implying 
Effects in Representatl>ve Labor 


'zero' Substitution 
Supply Functions 


■ " --- 




V H* 


- M* 


w*(0) 


lA($2/br) " • ■ : 




■ ——a ' V T - 

GreenbergrKosters \ , 

1. Simple linear model 1600 ^ 


$11,852 


$ 7.41 


'. ■ ■ 

"$ 8,652 


^ _ ■■ •■ 


-"^^"^27 JOnkeTwage effecf under $2 1121 


$18,A66 


$16.47 


$16,224 




■ 3. Kinked wage effect over $2 1560^ 


$12,718 


$ 8.15 


$ 9,598 




Hill^ 

4.. Poor- white males 


$ A,A75 


■-$ 8.75 


.$ 3,455 




5. Poor black males . ' 


$ 5,A00 


$11.35 


$ 4,450 




6. Nonpoor white males . . 800 


$ 8,838 


$11.04 


$ 7,238 




Dickinson / 

Males, 5~year average / 868 


$27,724 


$3*i-?i'. 


$25,988 

% 




Wives,. 5--year average -13,333 


471,110 









^Greenberg and Kosters (1970). 










^Hill (1973) . * 








I 


*^Dickinson (19 74) . . 
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I^($2/hrO, gives the level of nonwage income that yill again,^ 
yield the critical equilibrium at a wage of $2,00 per hour. 

The sinlple linear Greenberg-Kosters supply function was esti- . 
mated for working married men with family incomes under $15,000 per 
year. The critical value of market income, $11,852, thus falls well • 
within the range to which the approximate supply function is intended 
to apply., In the Greenberg-Kos tars model estimated with a kinked 
wage slope, the segment below f2/hr. has a weaker negative slope. 
That slope, together with the- single estimate of the income slope, 
implies a convergence point slightly outside the sample range. The 
segment above .$2/hr: is similar to the simple linear model and implies 
a similar convergence point. 

..4 

The supply functions estimajted by Hill for poor males, black 
and white, have much stronger income effects and more steeply 
backward-bending wage slopes. The values of total family income 
at which the implied expansion paths converge are low, but, given 
the sample restriction to families below the poverty, line in 1967, 
they are outside the sample range for all but large families. The 
model estimated by Hill for nonpoor whites includes interaction 
terms between wage rates and income, but these coefficients are 
small relative to the wage and income effects. The effect of the 
interaction is e/aluated at the mean wage xate and is incorporated 
into the_J.ncome coefficient shown in T^ble 1, but otherwise is 
ignored. Thus simplified, the supply function implies indifference 
curves that are concentric about a market consumption point under , 
$9,000, which cannot be considered reasonable for nonpoor white males 
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in 1967. Taking fuH account of the small estimated interaction 

* " ^ • ^' 

effect would raise the value slightly and eliminate the single point 

of convergence but would not materially change the implications. 

The linear supply function estimated by this author for average 
work hoi;rs for male family heads who were in the labor force 
continuously from 1967-1971 has an income effect comparable to that 
in the Greenberg-Kos ters study and a more weakly negative wage 
slope, . The implied convergence point is thus at a level of total 
income above $25,000. There is no income cut-off in the sample 
selection, however, so this point falls within the top one or two 
percentiles of the distribution, and th^ implied variation in the 
sufestitution effect over the sample range is quite large. 

The rising supply function estimated for wives in the same 
study is included for contrast. The implied indifference curves 
are also concentric, but the point of convergence is so far 
outside the sample range that the within-range variation in the 
shape of the utility contours is slight. 

The expansion path boundary at which market consumption .becomes 
inferior may be quite restrictive in models with strong esJ;imated 
income effectis. Hill's estimates for ' poor white males, for instance 
imply an uppe^ bound of w = $2.50 on this criterion. In the 
Greenberg-Kos ters model, however, this upper bound is roughly 
$15.00. This value is less restrictive than the convergence 
wage, w*(o) . ^ 

NtagaLivti wage rates, are not in the relevant range, either for 
esniimation or simulation, so the lower boundary does not imply un- 
acceptability from a strictly theoretical point of vd.ew. However, t 

29 
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fact that the zero-^wage equilibria implied by many estimates occur 

af levels or work hours close to standard full-time h^ours is subject 

to serious question on grounds of .j^eneral implaus ibili ty . At z^ro 

wage and $6000 income, -for instance, the DickinsQn estiiiiates imply 

2194 hours worked per year and the Greenberg-Kos ters estimates 

/• • • ' . 

imply 1950 hour^-' worked per year. While it is possib le -that the 

first 40 or so hours per week spent at work are more intrinsically 

rewarding tlian any alternative leisure, activities, it i^ genera^, ly 

;3rt:su::u'd - tiia t a substantially greater proportion of ( iru* would 

be .spent in leisure if there were no cost in -forgone ea.rnings- 

Adtiitjiye ^l'ii^tliiu:ar_STjppl\;_^_Fi^^^^ 

I'iiu bt undaries ct" th^.' acce.pt.-ble regions iniplied bv ^irriple 

v:uVv L linear additive .-'ui^ply functions*' iiay be dt rived by straiglit- 

torward tena-ions of the above results. Wl- present tihe' so Lu-lioi: 

/ 

lor A fuaotion with a quadratic wago ofvot as in i 11 u/ frat ion. 

111) lKw,T) - H + A,w,4- A,,w' + BI . ' 
' o 1 ' ^ • 

{IS) - A + 2A.,w - BH(w,I)' 

9 

- A\ + :iA^w - B(H + A w 'V A,w" 4-, BO . 
1*2 o -L i 

Setting S(w,rj t.^qual to xero and solving for the critical 
points (w>^, 1^^), we obtain 

(- 4; - [- ^^A^w"^^ + (2A.,-IU^) w^ + A^ ^ Bh^J . 

The quadratic supp ly, .1 ^-n^ction no longer implies a s-ingle cpn- 
verge nee point in the le is are -goods plane but ratlier a locus of 

CO - " , 



such points. The locus will be in the region of. negative work hours ^ 
for rising portions of the quadratic wage function, and in the region 
of positive work hours for declining portions. 

Estimated parameters for two examples of this type of quadratic 
supply function are presented in Table 3a. Two- points on the 
convergence locus are presented for illustration; that obtained if 
the wage is increased and income is held constant at zero, and that 
obtained if the wage rate is held constant at $2.00"'per hour and 
income is increased.. In both cases shown, the increasing backward 
bend'of the supply function implies that the substitution effects 
go to zero well within the sample range. These models imply linear 
expansion paths as a consequence of the linear income effect. The 
upper boundary at;^ which market goods become inferior occurs at 
w = $6.67 in Rosen and Welch's model and at half that value in 
Hill's estimates. The zero-wage expansion paths imply somewhat 
lower zero-wage work hours than those ±p. the simple linear models, 
but those values are still more than half of standard full-time 
work hours over much of the range of income! 

The Kalachek and Raines estimates presented in Table 3b pro- 
vide an example of a rising supply curve for which the substitution 
effect does not go to zero within the relevant range. The compara- 
tively, weak estfmated income effect implies inferiority for market 
goods only at wage rates in excess of $20.00 per hour. The income 
effect is quadratic and becomes weaker at higher levels of rionwage 
income, so it implies inferiority for leisure at incomes above $2500. 
The zero-wage locus, is also troublesome, in that it implies zero-wage 
equilibria always above 35 hours per week. 

3i ^ 
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Table 3. Selected Empirical Quadratic Labor Supply 
Functions with Examples of Critical Points 

1 ; : } 

a. Quadratic wage effects 

Rogen and Welch: urban males^ , . 

H = 2060^ + 255w - 79w^ - 15 I ' 

Convergence points I* w* ^ 

• (zero substitution effect) 0 $3.49 1976 $6,938 

$13,900 $2; 00 169 $14,489 

Zero-wage locus H = 2060 - .15 I 

Inferiority of market goods w > $6.67 

Hill: poor black males 

H =1740^ + 495w - 217w^ ~ -31 I 

Convergence points . I* w* H* 

(zero substitution effect) '7 0 $2.36 1707 ' $4,030 

$6,970 $2.00^ ^289 • $6, 3^2 

Zero-wage locus H = 1740 ~ .31 I 

Inferiority of market goods w > $3.23 

b. Quadratic income effect 

Kalachek and Raines: lower-income- males aged 24-61^ r 
Hour^ per week = 37.1^ + 3.^2w - .89 x 10**^1 + 1.77 x .lO~^I^ 
Zero-wage locus H/wk = 37.1 - .89 x 10**^1 + 1.77 x 10~^I^ 
Minimum hrs/wk = 36 hrs/wk at I = 2500 

a 

Intercept approximated as. in Table l.„ 
^Rosen and Welch (1971). 

^Hill (1973) . ' ' 

.^Kalachek and Raines (1970). . • 

^Intercept chosen to yield H=44.2 at w=$2.40 and I=$458, the 
mean values . 
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Estimation-Simulation Inconsistencies 

The implausibly high zero-wage equilibrium work hours implied 
by many.^ estimated supply functions ..may be one of the reasons 
researchers have introduced a second set of assumptions for simulation 
of labor supply responses. The most common assumptions for the 

14 

simulation stage are that the substitution effect is a constant 
or that the elasticity of the subs titution 'effect is constant .'^'^ 
These assumptions differ, sometimes drnmatically , from the form of 
the substitution effect implicit in the estimating function,. The 
sharpest inconsistency occurs in the conversion from a simple linear 
estimating form to a constant-elasticity simulation form. In the 
simple linear form, the implied substitution effect is a linearly 

increasing function of the level of work hours , as may be seen 

/ 26 
from the first expression of (15) . A constant substitution 

elasticity less than unity implies precisely the opposite 

variation. "^^ The assumption of a constant substitution effect is 

intermediate between the two. The negative quadratic functions 

estiTBated by Rosen and Welch and by Hill yield variation in the 

substitution effect that is consistent in direct;iQn with the _ 

constant-elasticity assumption, but substantially weaker in magnitude 

at low marginal wage rates. . ^ 

Logarithmic Estimation Form and the Substitution Elasticity 

When considered in the light of predicted responses to very low 
marginal wage rates, a substitution effect having a constant elasticity 
seems much more plausible than the constant substitution effect or 
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that implied by a linear supply model. Small changes in the wage 
rate as it approached zero would be increasingly large In proportional 
terms and woul^d imply large reductions in equilibrium work hours. 
With this desirable featu^^ in mind, it is tempting to estimate a 
labor supply model in double-log form. 

(Z5) ^ log H = K + alog w + e Idg I. 
This functional form has the familiar property that responses 
of work hours to changes in wage rates or income are constant* in^ 
elasticity, with the elas'tici tie's given by the e'stimated values, of 
'a and 3, respectively. 



(26) a) 9H w ^ . 

8w ' H ^ ' . 



b) 8H I ^ 

. 91 ' H V , 

Unfortunately, this functional form^, which provides so simply 
for constant elasticities with respect to observable changes, does 
not produce a substitution effect that is contant in elasticity. 
On the contrary, when the wage effect is negative the substitution 
effect goes to zero faster with decreasiijg work hours in the log- 
log case than it-, does in the simple linear model. The expression 
for the substitution effect follows from (13) and (26a) and (26b). 



= oS- - H > 0 . 

w I — 

The elasticity of the substitution effect, which we denote 

n , is given by a slightly simpler expression, 
s 
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The variation in the elasticity of the substitution effect is 
most easily seen from the last expression of (28). The second term, 
_g is positive, since 3 is negative, but declines rapidly in 
the face of a compensated reduction in wage rates . Under such a 
reduction, w and H decrease and I increases, changes that all 
contribute to the decrease in the positive term. A theoretically 
accep-table positive substitution effect is maintained only so long 
as the ratio of earnings (wH) to nonwage income exceeds the ratio 
of the wage elasticity to the income elasticity. 

(29) ^ >-|^J=> ri3 ^ 0 . 

This condition is always met if the wage elasticity is positive, 
since 3 is negative making the ratio a/3 negative. For the backward- 
bending supply surve typically estimated for male heads of . families ,; 
however, the critical values are restricting. The most favorable 
estimates of Kosters (1966), using a double logarithmic form, yield 
• values of a = -.062 and 3 = -.023. Given these -estimates , nonwage 
incomes of greater than 37 percent of earnings imply a negative 
substitution effect. 

T he- Ashenfelter-Heckman Model 

Ashenfelter and Ueckinan (1973) suggest a model intended to main- 
■ tain consistency between the functional forms employed in estimation 
and simulation. Jnf ortunately ,^ their two basic assumptions, a 
constant substitution effect aLd a constant income effect, are 
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themselves mutuall}^ inconsistent. The inconsistency xs easily 
demonstrated if we assume only a constant income effect, B, and 
obtain an expression for the substitution effect at different income 
levels. At initial wage and income levels (wo, lo) , the substitution 
effect is given by (30) . \ . ■ 

. If income is changed from the initial level by an amount AI, 



the wage and income derivatives on the right-h^nd side of (30) are 

19 I ^' ' 

unchanged, but equilibrium work hours. change by an amount BAI. The 

substitution effect at the new income level is thus given by (31) . 
. (31) S(„,„, I„ + AI) ■ MVi|_LW/. , H(„^. ^ ,1, ■ ■■ 

., aH("o,^o) _^ H(„^, y -BtH.(AI) 

= S (w , I ) -/ B^^I* . 
^ o* o' / 

A constant income effect and a constafit substitution effect are thus 
consistent only in the degenerate case of B = 0. ^ 

The inconsistent theoretical assumptions of Ashenfelter and 
Heckman's model are not incorporated into their actual empirical 
work. The estimation model they employ results in cons tancy , not of 
the income effect, but of the slope of the expansion path, BH/'SM. 
When the latter derivative is taken to be a constant parameter, 
which we denote D, the form of the income effect is given by 
inversion of (20a). 
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(32) 



OH _ 

31 ~ 1 - w 3H 

■ DM 



- wD ^ 
The Ashenfelter-Heckman estimates of D are of the order of 
1.066, which implies income effects of -.06 at w = $1.50/hr. and 
,044 at w = $7.30/hr. The Ashenfelter-Heckman method also results 
in a substitution effect that is a decreasing function of the 
marginal wage rate,- rather than a constant as assumed in the 
theoretical model. Both properties' are treated more fully in the 
general discussion of parallel utility functions in section III. • 

C. A General Empirical Model 

We turn finally to the flexible functional form employed by 
Cohen, Rea, and Lerman (1970) and Rea (1971). They estimate labor 
supply response as a step function with multiple interactions 
between wage rates and levels of nonwage income. However, some 
of the generality gained by their estimating , rocedures is assumed 
away when they turn to the standard assumptions about the substitu- 
tion effect for the simulation of labor supply responses to policy 
changes. Rea focuses more closely on the simulation question, and 
he does maintain approximate consistency between the two stages. 
In particular, he revives formulae derived by Hicks ( 1946) to adapt 
the infinitesimal relationship of equation (13) to finite changes 
in income and wage rates. Rea estimates different values of 
the substitution effect for each of several intervals of wage rate 
and income but assumes .that the substitution effect is constant 
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within each interval. The assumed stepwise cons tancy of the,^ 
substitution effect results in loss of generality, bec^ause Rea's 
estimates stiggest that the substitution effect is changing rapidly ^ 
within some of the intervals. 

Rea's tabulation of his estimation results makes the illus- 
tration of this point particularly convenient. Again, we emphasize 
that this discussion abstracts from any problems of estimation and 
is concerned only with the imp^lications of estimates. His Table V--3 
provides estimates of equilibrium annual work hours- for husbands aged 
25-62 whose wives are not working. The estimated work hours " 
individuals with a standard s^t of characteristics are given as a 
step function of wage rates and income with a full set of interactions. 
The wage function has four steps for the ranges 0 - $0.99/hr., $1.00- 
$2.49Air., $2.50 - $4.99/hr., and $5.00/hr. and above. Within each 
wage interval, a step function for the income effect is estimated over 
the following four ranges of nohwage income: 0 - $499, $500 - 
$1499, $1500 - $2999, and $3000 and above. Rea's procedure is to 
fnterpret each difference between adjacent steps of 4.7a ge rates and 
income as a segment of a linear supply curve and to calculate a 
single constant substitution effect, which is presumed to be 
applicable to that range. - 

An alternative approach, which, in the opinion of this author, 
better expolits the generality of the estimating form, entails the 
generation of an approximate map of the utility surface. As shown 
in Figure 3, the points representing joint equilibrium values of 
work hours and. market consumption may be plotted for the several 
income" steps within a given wage range and interpreted as an 
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approximate expansion path. for that wage range, * This has been done 

♦ ■ 

in Figure 3 for all but the highest wage range, in which the 
estimated income effect has the wrong sign. . The mean value of the 
lowest wage range has also been set at $,75/hr. rather than at.Rea's 

$,49/hr., on the grounds that very few prime-age males have wage 

u ^ 

rates toward the bottom of that range. If we impose the condition 

. J. ' . ' 

that expansion paths for different wage rates may not intersect 

within the range o f sample values, and if we approximate thfe paths 

by straight lines, Rea* s -estimated values prove to be remarkably. 

consistent with a homothetic utility function wi4:h an origin at 

$2000 of total income and T-2875 h6urs of leisure per year. The ; 

approximate expansion paths are shown in enlarged scale in Figure 

4, along x^ith indifference curves approximated by wage-line segments. 

The elasticity of the substitution effect clearly increases drama- r 

tically as one moves down and to the right along an indifference curve. 

The change in hours resulting from compensated X\rage changes from 

$3.75 to $1.75 pex: hour is scarcely more than one-tenth the- size 

of the change in hours when the marginal wage drops from $1.75 to 

$.75 per hour. It is reasonable to suppose that this radical 

increase in the substitution effect is distributed with some 

uniformity over this interval'. Rea, however, estimates a substitution 

effect on the basis of the stronger incoirfe effect at the lox^7-wage 

end of each interval and uses that estimate to simulate all labor 

supply responses ii;i that i-nterval* For workers near the upper end 

ot the- lov/est: wage interval, this resulLs in a several-fold over es t.i mate 

o.f the substitution effect at the equilibrium point. The cumulative 

response to a subs Lantial compensated wage change will also bo 

overestimated, but not so seriously. 
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Figure 4. Approximate Indifference Map Based on Rea's 

Estimates 
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The approximate utility map that follows directly from the 
pattern of es timated' expansion paths is one of the primary advantages 
of this interpretation of estimated parameters from the general ^ 
interactive functional form. Under reasonable continuity assumptions 
the numerous point estimates of partial derivatives fall into place 
as integrated properties of a continuous function defined oVer a 
substantial range of variables. Furthermore, the basic properties 
of both the supply function and the implicit utility function are 
directly evident by inspection. ' 

The general pattern of expansion paths estimated under the 
Cohen, Rea, and Lerman model may be used for tests of the appropriate 
ness of alternative analytical labor supply models. The preceding 
exposition of the properties of implicit preference structures 
provides part of the theoretical background for those tests. To 
complete the picture, we now turn to a consideration of the 
preference structures for a variety of explicit- utility models of 
labor supply. 

III. Labor Supply Models Based on Explicit Utility Functions 
A. Introduction . 

Growing numbers of labor supply studies have been based on 
models derived from explicit assumptions about the form of the 
utility function for leisure and market consumption. Tliis approach 
has both strengths and weaknesses as compared with the more common 
approach based on general demand' theory discussed in the previous " 
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section. On the positive side, functional consistency between 
estimation and -simulation is easily and naturally maintained. 
Furthermore, if the estimated parameters are theoretically acceptable 
any^^;here within the relevant range of variables, the implied 
preference structure is usually acceptable ajid consistent over a 
large range. However, the virtues of functional consistency and 
regularity are often gained at the expense of questionably arbitrary ' 
restrictions, which are implicit in the assumed funtional form of 
utility. In some cases these restrictions imply implausible labor 
supply behavior, which becomes still more extreme if the estimated 
functions are extrapolated beyond the range of data in the estimation 
sample. 

In this sectiGi>n we review several of the common utility 
functions that have been employed in labor supply studies. Our 
approach will have two general aspects. For general perspective we 
will consider the plausibility of behavior .implied bv each function, 
particularly in the range of budget variables relevant to negative- 
•incouiQ-tax simulations. For specific relevaace to our proposed tests 
of alternative preference structures we will characterize each 
utility function in terms of its implied pattern of expansion paths. 
These results will provide a framework for interpretation of the 
patterns of expansion paths generated by our subsequent estimates 
using the general interactive labor suj^ply model. 

Tile, discussion is limited to single-worker utility function's . 
\\e also restrict "attention to those functions having linear expansion 
paths in the plane of leisure and market ;consumption. This restriction 

4 3'* 
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has the substantial benefit of simplicity, particularly when the 

21 

model is complicated by marginal tax rates and overtime premiums. 
It is also made in the belief that there is not sufficient variance 
in available honwage-income data tO' allow estimates /of income curvature 
in addition to wage-income ititerf^ctions . The res/riction' has the 
effect of excluding only one, common class of utfility functions that 

has received recent attentipn in the labor supply literature — 

/• 

/ 2i 

namely, the "trans log" |/tility function. The simpler functions; 

more commonly applied /n labor supply studies all have the linear-^ 

■/ • "■ ■ ' ' I 

ity property. These/include the Cobb-Douglas, the Stone-Geary, arid 

./ ' ' • 

the C.E.S. functions as well as the quadratic utility function and 

those in a general class that we shall refer to as parallel utility 

functions . , . 

In considering the labor supply behavior implied by the various 

utility functions, we will describe the budget constraint by a 

simple wage rate, constant for all work hours, and a level of notiwage 

income (M = wH + I) . For problems with complex budget constraints 

in which net wage rates and income are affected by progressive marginal 

tax rates, overtime premiums, and the like, the complex r^t budget 

contraints will b^ replace'ci^ by transformed simple budget constraints 

that are equivalent in the neighborhood of equilibrium positions. 

^ Our procedure of describing labor supply behavior as a function 

of equivalent simple budget parameters differs from that used in 

several studies that assume specific utility functions. The 

alternative procedure involves including tax parameters in the 

budget specification so that they also appear as arguments in the 

23 

solution functions for optimal labor supply. While the latter' 
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procedure is convenient for specific questions about particular tax 
and incentive structures, it is cumbersome for purposes of general 
inference about preference structures. 

B. Specific Utility Functi'ons 

Linear Expenditure System Utility Function 

In consumer demand studies based on specific utility functions, 
one of the more familiar models is the Stone.-Geary modification of 
the Cobb-Douglas function. For a single-worker family with utility' 
dependent on market goods anci the worker's, leisure, the utility 
function has the form of equation (33) . 

(33) U = K(L-A) (M-u)^ . 
The parameters X an|i u are interpreted as minimum subsistence levels 
of leisure and market ^oods, respectively. The single-worker form 
of equation (33) has b^(ki used in a study by this author (1970). 
Leuthgld "(1968) employed \n expanded version for tv;o-person families, 
and Christensen (1971) introduced inter temporoi optimization for 
single-worker families. Horner (1973). used a Cobb-Douglas function 
without subsistence parameters in an analy-sis^ of labor supply responses 
in the New Jersey Income-Maintenance Experiment. In the present 
discussion we will focus on the'form of equation (33). 

For models with a given functional form for utility, the deri- 
vation of the labor supply function is very straightforward. We 
simply substitute the budget identity, (M = wH+I) , and the. identity 
-relating leisure and. work hours, (L T-H) , into the utility function, 
differentiate with respect to H, and solve for the optimal value as a 
function of w and I. In the present case, our notation is simplified by 

'4 0 
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defining a new parameter, t = T-A, the total time available in excess 
of subsistence leisure requirements. 

After the substitutions the utility function takes the form of 
equation (34) . 

(34) U = k(T-H) ^ (wH + I.-y)^ . 

Differentiating a logarithmic form and solving for optimal work 
Hours yields the supply function in the alternauive forms OSc) and 
(35d). 

(35) a) lloS_iL = ^ (log k + a logd-H) + B log(wH+I.-yr = 0; 

(t-H) + (wH + I -y) 

.24 _Bt _ _^ (I - y) = _ ^(JjLJi) 
a+jB a+B w w 

d) wH = ^ w ^ (I - y) = Btw - a(I - y) . 

The forms (35c) and (35d) are equivalent except that the latter 
is expressed in terms of earnings (wH) rather than work hours. For 
equation (35d) , "Earnings are seen to be a linear function of both wages 
and inaome. This form is a direct analog to the linear expenditure 
functions* employed in Stone's analysis of consumer demand (1954). The 
additive linearity of the earnings function associated with the homo- 
thetic Cobb-Dougias-type utility function is in distinct contrast xd.th 
the linearity of the labor supply function , which implies a concentric 
utility function as was shown in section TI. 

The direct labor supply function (35c) is alvSO simple in form 
but is clearly not additive. Tn particular,, the magnitude of the 
income effect is inversely proportional to the wage rate.- This implied 

^10 



inverse proportionality provides the null hypothesis for a statistical 
test of the appropriateness of the Stone-Geary functional form. If 
jthe estimates from the general interactive model are consistent with 
the Stone-Geary form, we fail to reject the null hypothesis that -the 
income effects for different wage intervals are inversely proportional 
to the respective wage rates. 

The wage slope may be positive, negative, or zero. If nonwage 
income, I, is "just equal to the subsistence requirement, p, the labor 
supply function implied by the Stone-Geary function is completely 
inelastic, with optimal work hours a constant fraction, B, of the 
effective time available regardless of wage rate. If the quantity 
(I-p) is positive, optimal work hours increase with wage rate, and, 
conversely, if (I-p) is negative , 'labor supply decreases with wage 
rate. In all cases the implied labor supply ' functions converge to 
the value &t in the limit of very high wage rates. 

■ -nrhe^laboT supply responsds^^ i-llustra4:ed in thn expansion- 
path diagram in Figure^ 5. Each expansion path represents a locus 
of optimal labor supply and market consumption points for a given 
wage rate and varying levelfe of nonwage income. A particular 
equilibrium point is then represented by the intersection of a 
budget line with the corresponding expansion path. A tangency with 
an indifference curve is implicit at each such point, but indifference 
curves are omitted- for simplicity of the figure. 

The expression for any given - expansion path is derived by 
equating the ratio of the marginal utilities of market goods and 
leisure' to a given wage rate. Recall that the wage rate is, in effect, 
a price ratio, since it is deflated by the price of market goods. For 

4 7 



Figure 5* Expansion Paths and Labor Supply Curves for 
a Stone-Geary Utility Function 
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the'-xmodifled Cobb-Douglas functions, the expansion-path functions are 



given \by (36a) and (36b), with the two expressions being simple 

■ 25 

reciprocals. 



(36) a) H = T (M - y) ; 



or 



b) M = y - w(t-H) . 

For the illustration in Figure 5 we have chosen the following 

parameter values: a = .25, B = .75, y - $3000, and t =3200 hours per 
26 

year. when nonwage income is equal to $3000, labor supply is a 
constant $2400 hours per year at all wage rates. For ipwer Income, • 
annual labor supply falls from 3200 hours at zero wage rate and 
approaches the 2400-hour asymptote at high wage rates. For higher 
income levels, labor supply rises from zero at low wage rates toward 
2400 hours at higher wage rates. If a were larger relative to B, 
the asymptotic value of work hours would be a smaller fraction of 
total effective time (perhaps accomplished by ^ .zreasing x) and the 
steeply rising and falling jsupply curves would be obtained over a 
wider range of wage rates for any given magnitude of (I - y) , ' 
Conversely, if B were very large relative to a, the asymptote would 
be a large fraction of i and the steeply rising and falling supply 
surves would occur only at very low wage rates unless (I - y) were 
quite large. 

Another feature of this model is that combinations of parameters 
and economic variables are acceptable only if it is possible to 
attain levels of leisure and market consumption above the subsistence 

/ 
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requirements. In the illustrated <sase , a wage rate.^of $.75 per hour 
with, no outside income would yield siibsis tence-level market consump- 
tion only if leisure were reduced below\ subsistence levels. The .1 

utility and labor supply functions are th\s not defined for such 

> 

values- of budget variables. 

C.E.S. Utility Functions with Subsistence ^l^arameters 

The CobbrDouglas type o£ utility function discussed above is 
one of a class of functions having constant elasticity of substitution 
(C.E.S.). The more general C.E.S. function with subsistence parameters 
has been employed by Wales (1973) in a study of ^the labor supply of 
self-employed businessmen. As noted earlier, our treatment differs 
from his in that we do not include tax parameters in the budget 
constraint or the derived supply equations. 

"Deviation of the labor supply functions implied by a C.E.S. 

utility function is simplified if the utility function is expressed 

' I ' . ' 27 

as an "addilog ' function with equal exponents, as shown in (37). 

' (37) a) U(L,M) = a (L - ^)~^ + 6(M ~ v)"^ ; 

or 

b) U(H,w,I) = a(T H)~^ -f 6(wH + I - y)""^ . .. 

Equation (37b) follows from (37a) by substitution of the budget and 

labor-leisure identities. The parameter, p, is related to the 

28 

elasticity of substitution, a, as shown in equation (38). 

(38) ' ^a) ^ = T ~ 1 ; 

or V 

1 



b) a = 



1+P 
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The solution for the optimal labor supply function is analogous 
to the Cobb-Douglas case and is accomplished by'maximization of (37b) 
with respect to H. The solution ' function is given in equation (39). 

<3„ „ . T - (c/B) ° w -"(I - . , 
1 + (a/B) w ^ ^ ^ 

It is easily confirmed that the C.E.S. supply function reduces to the 
form of (35c) in the special case, of a = 1. By contrast with the 
special Cobb-Douglas case, ^ which is linear in the ratio of income to 
the wage rate and the reciprocal of wage rate, the general C.E.S. form 
in (39) requires nonlinear estimation techniques for empirical appli- 
cation. It is thus less attractive as a model unless the greater 
generality is shown to be necessary. 

The functional form of the income effect implied by the C.E.S. 
supply function again forms the basis of our proposed tests of the 
appropriateness of t;his -functional form. Differentiation of (39) 

yields the expression in (40). 

■'• . . ■ 

(AO). - ^ -w"" ^ 



(B/a) + w 



Any hypothesized values of a. and the ratio (S/a) will imply ratios 

of incoitie derivatives for different wage intervals, which may- be 

I 

tested using the estimates\ from the interactive model. 

The overall pattern of labor supply behavior implied by C.E.S. 
utility functions is again clarified by illustration in an expansion- 
path diagram. The expressions for^ an .expansion path, derived by 
equating the marginal rate of" 'subs titution to the given wage rate, 
are shown in equations (Ala) and (Alb)... 
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- • ' r 
(41) a) H = T - (a/ew)° (M - y) ; 

b) M = p + (3w/a)° (t - H) . 

As in- the Stone-Geary case, the expansion paths for ^different wage 
rates are rays emanating from the point (M=ii, H=t), The divergence 
of the implied expansion paths for any two wage rates will be greater 
the higher is the elasticity of substitution, a. 

Expansion-path diagrams for modified C.E.S. functions with 
o = 0.5 and 1.5 are shown in Figures 6 and 7. The values of y and 
t are the same as in the Stone-Geary illvus tration of Figure 5, and 
the ratio {g/a) is chosen to yield the same expansion patH at ' 
w = $4/hr. in all cases. In all C.E.S. functions the income' effect 
becomes Stronger at low wage rates, and the strength of this 
interaction is an increasing function of a. In the illustrated case 
with a = 1.5, for instance, the income effect of -.0625t at $4.00 per 
hour* increases in magnitude to -.4 at $1.00 per hour, a more-than- 
six-fold increase. The strength of this interaction implies a need 
for considerable caution in the use of* labor supply ^f unctions* based 
on utility functions with high substitution elasticities. In 
particular, for those cases- where we wish to predict labor supply 
behavior in the face of income supplements and reduced marginal wage 
we need to be sensitive to the fit of our estimated function over 
the region approaching those values. 

Wage rate's are implicit in the slopes of the budget lines in 
the expansion-path diagrams. The direct functional relation3hips 
between wage rates and work hours are illustrated in Figures 8a - 8r 
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Figure 6. Modified C.E.S. Utility Function a 
Expansion Paths and JLairtfr Supply Curves' 
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Figure 1. Modified C,E,S, Utility Function a = 1,5 
Expansion Paths and Labor Supply Curves 
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for the cases vith g = 1.0, 0.5, and 1. 5 , respectively . The unij^ 
elasticity,, corresponds to the special Cobb-Douglas or Stone-'Geary 
case. In all cases the labor supply responses to changes in the 
wage rate depend on the level of (I - p) in a manner similar to . 
the Stone-Geary case,' though the direct correspondence between the 
direction of the response and the sign of (1 - v) holds only in that 
case. The differences in wage responses are most pronounced in the 
range of low wage rates, while in the limit of high wage rates all of 
r-.he wage curves converge to the curve for (I - p) = 0. For 
elasticities greater than unity, that curve is positively sloped 
and approaches th^ -constant^ asymptote , H = x. For smaller 
elasticities, the curve for (I - ;0 = 0 has a negative slope and 
approaches a zero asymptote. In gc?neral, a higher elasticity 
results in a positively sloped supply curve over a broader range 
of wage rates for any given value of (I - p). 

.V:ales initially estimated the subsistence parameters as well 
as the substitution elasticity and the ratio (a/iO - He deemed those 
results to be unsatisfactory and did not report them, because "many" 
sample individuals were observed to be in positions below the _ 
estimated minimum acceptable levels of leisure or income. After 
constraining the subsistence parameters to the values y = $6,500, 
T - 4160 hours (our notation), he obtained estimates of c ranging 
from 0.76 to 2.08. His preferred estimates for the full sample of^ 
businessmen are a - 1.51 and (^^/P) - 1 . 5A , These^j parameter 'values 
are candidatrt?; tor construction of a nul 1 hvpo the.qij; in tests of 
various functional forms. 
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Figure- 8. Labor Supply Curves as Direct Functions of 
the Wage Rate at Different Levels of Nonwage Income t 
Three C.E.S. Functions: o=1.0-, 0.5, 1.5 
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Utility Functions with- Variable Elasticity of Substitution 

A labor supply model based on a homothetic utility function more 
general than the c"."E>S,^,^ function is comparatively easy to derjive in 
the single-worker case. In this model we do not obtain an explicit 
•function for utility but rather work fxom an expression for the 
elasticity of substitution, given in (42), The function g(w) may 
be virtually any continuo\is and dif f erentiable function, and th^ 
particular form of (42) is chosen for subsequent ease of integration. 

(42) a(w) = - w g' (w) . 
In the general production function, the elasticity of 
substitution is defined as the elasticity of factor proportions with 
respect to the factor-price ratio. In the present application, the 
arguments of the function are leisure and market goods less respective 
subsistence requirements, and the price ratio is simply the wage rate, 
because we have. already defined^^ relative to the price of market 
goods. The elasticity of subs titutio^n is thus expressed as shown 
in equation (43). 

\ . , 



(43)^ a(w) = ^g'(w) = - - 



w 



M 



The function in (43) may be rearranged arid integrated to yield an 
expression for the expansion paths corresponding to the variable 
elasticity "^of substitution implied by a phrticijlar choice of g(w). 

\ 



\ 



\ 

D i \ 
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L - A 

(44) a) 9 M - p _^ wg.! (w) dw 

L - A w ' 

M - u 



b) log L - A / \ , T 1 

mTU " s(w) + log k ; 



c) ^ - ^ = k e 2^"^ 

,M - )i 



Substitutions from the labor-leisure identity then yield the expressions 
for the expansion paths in terms of work houts and market goods. The 
two expressions in (45a) and (45b) are simple reciprocals. 

(45) ' a) H - T - ke^^^^ (M m) ; ■ ' 

b) M = M + k^V^^""^ (t - H) . 
Finally, the labor supply functions are derived by simultaneous 
solution of the expansion-path function and- the budget 'constraint . 
This solution is the analytic equivalent of the intersections qf 
budget lines and expansion paths plotted in Figures 5-7. The 
resulting supply functions are given by (46) for any desired g(w). 

(46) , , x-keg("^I- ^ 

The function g(w)'-= -a log w yields the supply function for 
the C.E.S. cases. Any g (w) that is a linear function of powers of 
w adapts simply to the variable elasticity model, and other functions 
may presumably be adapted \/i'th varying degrees of ease. The implied 
supply functions will of ' course be correspondin^^.ly complex. 
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At the present time this author is unaware of any labor supply 
studies that use a variable elasticity model. Samuel Rea's gener-.l 
estimates of labor supply parameters, which were discussed in section 
II, suggest that such a model" might be appropriate, however. 

Quadratic Utility Function 

The quadratic utility function has been used as the basis for 

a number of studies of commodity demand and for illustrative purposes 

29 

in the context of labor supply. A general form of this function 
for leisure and market consumption of a single-worker family may be 
expressed as shown in (47) • 

(47) U = a + bL + cL^ + dLM + eM + fM^ . 

The coefficients b and e are positive, while c and f are negative, 
and d may be of eitl^er sign within the limits set by the second- 
order conditions. 

The utility function has a maximum or "bliss" point at the' 
values of leisure and market goods given in (4^, . - 

(48) a) = Z2bljfde- ; 

4cf - 

4cf - d^' 

The indifference curves implied by the quadratic utility 
function are concentric about the bliss point. This function will 
thus be a useful approximation only ii that point falls well above 
the observed ranges of leisure and market goods. The expansion 
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paths converge to the bliss point with increasing income and are 
described by the expressions in (49), with T again representing 
total available time. 

(49)- a) H = T - we - b 4- (2wf-d)M 

2c - wd 



, y V. ^ b ~ we + (2c - wd) (T-H) . 
2wf - d 



The convergence of expansion paths at different wage rates is 
indicated by the slope of the paths. 



(50) 9H ^ ~(2wf - d) 
9M (2c - wd) 



If the cross-product parameter, d, is zero, the slope is simply pro- 
portional to the wage rate. For acceptable negative values of d, the 
magnitude of the slope increases more than proportionately with 
increasing wage rate; conve^ely, for positive values of d, tne 
slope increases less than proportionately with increasing wage rate. 

The model based on a quadratic utility function is thus similar 
to models that assume a linear additive income effect- in the supply 
equation, in that both imply convergent expansion^ paths . The pattern 
of convergence is more complex in the present case and is generally 
stronger in the lower range, of wage rates. The convergence property 
does not have a high degree of intuitive theoretical appeal. In 
the linear additive case, it follows from a model with the compen- 
sating virtue of a simple and empirically^ tractable supply function. 
That virtue is notably lacking in the quadratic utility model, as 
is evident frotn the form of the supply function given in (51) . 
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-(dT + e)w - 2(fw d) I + 2cT jfb 

t->i; H = . — "2 — 

2 (fw - dw - c) 

l*7e will thus incline toward use of this function in empirical work 
only if the estimates from the general interactive function strongly 
suggest that it is the appropriate form. 

Parallel Utility Functions 

In the preceding discussion we have considered two general types 
of utility functions, nomothetic functions are characterized by 
expansion paths that diverge from a minimal subsistence point of lei-sure 
and market goods, while concentric functions ax*e characterized by 
expansion paths that converge at a bliss ppint in the upper range 
of the basic goods. As we have noted, the concentric functions do 
not have a great .deal of intuitive appeal but may prove to be useful 
approximations over some ranges of variables. 

nomothetic functions have received a great deal of attention in 
literature on demand and production because they imply conveniently 

'r 

regular behavior patterns' when variables are expressed in proportional 
terms. For instance, any given indifference curve i-s identical, but 
for a factor of scale, to any other curve, for the same function. In 
the labor supply context, however, many of the convenient features 
of the homothetic models are of little avail. Leisure is essentially 

only a construct of the model and has no Qbvit)us and reasonable zero 

30 " - ' 

point. Proportional responses in leisure demand are thus criti- 

\ ' ^ ' 

caliy dependent on the choice of the 'subsistence point. Furthermore, 
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labor supply, which is of primary concern in the model, is defined 
as the additive complement of leisure, so even the arbitrary regularity 
of proportional leisure-demand responses does not. carry over to labor 
supply response. 

The additive complementarit> cf the model of labor supply and 
leisure demand suggests ^natural third class of utility functions, 
those, that are homothetic in an ^absolute rather than a proportional 
sense; Functions in this class are characterized by parallel expansion 
paths and identically shaped parallel indifference surfaces, hence' 
our tenninology of ''parallel utility functions," 

Parallel utility functions do not, in general, lend themselves 

to explicit analytic expressions of the utility function, though 

31 

Such expressions may be derived in some cases. The approach we 
follow here is to describe the utility functions implicitly through 
trte expression. for the corresponding sets of expansion paths. Given 
that parallel expansion paths have equal slope, which we denote 



by the negative constant, D 



, the expansion paths may be 
w 32 
expressed in the form shown by equation (52), 



(52) H = f (w) + DM , 

The function f (w) determines the "spacing" of the expansion paths 
and thus determines the functional form pf the substitution effect 
implied by the model. The graphical illustration of a parallel 
utility function* shown in Figure 9, helps to clarify the role 
of the "spacing" function f (w) , 

We may use the analytical equivalent of the graphical technique 
demonstrated in Figures 5-7 to derive the labor supply functions. 
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Figure 9. Expansion Paths and Indifference Curves for a' 
Parallel Utility Function 
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That is, we simply solve equation (52) simultaneously with the budget 
constraint. Substitution for M in (52) from the budget constraint 
gives 

(53) H = f (w) + D (wH + I) , 
which yields the general solution for the supply function. 

(5^) - 1 - D w / 

A number af general features of this model may be seen in 
the expressions for the various partial derivatives, 

(55) 9H _ D 



91 1 - Dw 



(56) 3H ^ (1 - Dw) f ^ (w) + D (f (w) + PI) ^ f ^ (v) + D H 
' (1 - Dw)^ 1 - Dw ' 



(57) 3H 
3w 



= IS „ M = f ' (w) 



The form of the interaction between' the income effect and the 

wage rate, as shox^7n in (55), depends only on the parameter D. The 

magnitude of the income effect declines .as the wage rate increases, 

as in the case of homothetic functions, but the interaction is 

33 

weaker in the present case. [ 

The wage slope, given in (56), may be either positive or 
negative. The denominator is always positive, and , the two terms in 
the numerator have opposite signs. The constant. D is negative, so 
the term DH. is negative and f'(w) must be positive to provide a 
positive substitution effect. The relative strenf^ths of the two 
terms in the nume-rator will determine whether the individual labor 
supply function is rising or falling. 



er|c G 



\ 



1 \61 

The substitution effect, shown in (57), depends on f ^ (w) and 
on the ..parameter D but is independent of the level of nonwage income. 
We may thus denote it as a function of the wage rate alone, Intui- 
tively, the simple form of (58) is a consequence of the identical 
shapes of, all indifference curves for a given parallel function. 

= S(w) • 



(58) iH 

dW 



■ The relationships (55)- (5?) may be used to in^^estigate the 
properties of various functions in this class. In the following 

I r. 

discussion we consider three variants of parallel litility functions 
that may have useful properties. 

Case 1: The Ashenf elter-Heckman model , A labor supply function 
with a constant substitution effect has been suggested by Ashenfelter 
and Heckman (1973, 1974), As was sho\^ in section IT, this property 
is incompatible with the constant income effect that they also 
intended to incorporate into their model, A reasonable interpretation 
of their estimation procedure suggests that they in fact estimate a 
labor supply function that has neither of the assumed properties 
but is consistent with a utility function in the parallel class. 

Interpretation of the underlying Ashenf elter-lteckman model is 
not entirely straightforward because their discussion of the 
systematic varia^fion of labor supply is intertwined with their 

discussion of the rvandom component. However, if we consider a 

\ ' ■ 

worker whose labor supply is determined by an-^exact function, the 
form of the function implied by the Ashenf elter-Heckman estimation 
model appears to be 



(59) H - A + S*w + B*M , - ' . * 

where we employ our notation. 

The expression in (59) may be interpreted as a special case 
of the expansion-path expression (52), with D equal to B* and the 
function f(w) given by (60). 

(60) f (w) = S*w . 

The expansion-path expression (59) may not be used directly 
for ordinary least squares estimation because M is an endogenous 
variable. To circumvent this difficulty,, Ashenfelter and Heckman 
employ an instrumental variable for M in the estimation of the 
model. 

In our alternative procedure, we solve for a reduced form of 
the supply function by substitution for M from the budget constraint 

(61) a) H = A + S*w + B'^CwH + I) ; 

b) H = A + S>^w + B^I . 
1 - B'^w 

The expression in (6lb) is again a special case of the general 
parallel supply function (54). 

The income and substitution effects implied by this model 
follow immediately from (55), (57), and (60). 

(62) £H ^ B* . 
.'I 1 - B'^w 
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^^''^ - 1 - B*w " 1 - B*w 

Both the income ''effect an*d the substitution effect thus are 
not constants but are functionally dependent on the wage rate except 
in the de'generate ease when B'^ is equal to zero. 

Ashenfelter and Heckman obtain estimates of S^^ in the range 
from 66.9 to 68.9 annual hours per dollar of hourly wage and estimates 
for B* that range from -.065 to -.070 hours per dollar^^'of market 
consumption. An expansion-path diagram illustrating the .impli- 
cations of these estimates is shown in Figure 10. For the figure 
we have used the round values S* = 70 and B* = .06.5 and chosen tfie • 
constant A to imply an equilibrium of 2000 hours for a worker with 
no outside income and a net wage of $4.00 per hour. The model 
clearly shares one of the weaknesses that affected a number of 
the classical general, models : The implied zero-wage equilibrium 
exceeds 1500 hours per year for incomes up to $11,000. The model 
is well-behaved in the high-wage range, however.' 

Case 2: A constant substitution effe-ct in a function of the 
parallel class .. It is straightforward to derive a supply function 
in the parallel class that has the property of a constant substitution 
effect. ' The substitution effect in (57) is simply set equal to a 
constant, S, and the differential equation is solved for the function 
f(^). . , 

(64) a) f ' (w) = (1 - Dw) S ; • 

D 2 ' ' - 

b) f (W) = A + Sw - Y Sw . ■ 

The supply function then follows directly from (54) : 
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/ 



(65) 



A + Sw ~ 1/2 DSw + PI 



1 - 



Dw 
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• Differentiating with respect to the wage rate and simplifying 
then yields an expression for the uncompensated wage effect thcjt is 



exactly in the classical Slutsky form. 



(66) 




D 



H 



1 - 



Dw 



The supply curve will be either rising or falling depending on 



the relative sizes of the income and substitutioi^ effects in -(66). 

For similar' values of parameters, the implications of this model 

wlir not be very different from those of the Ashenfelter and Heckman 

model. The indifference curves are true parabolas, which imply 

zero i}iarginal valuation of leisure at a level of wor}<. hours not 

35 

far below standard full-time work. 

Case 3: Parallel function with a proport i onal substitution 
effect . ' The two variants of the parallel model discussed above have 
the disadvantage that their zero-wage expansion paths may fall in a 
range not far below full-time work effort. This implies a zero or 
negative valuation of any leisure gained by further reduction of 
work effort. A simple function that avoids this property makes the 
substitution effect inversely proportional to the wage'Tate. 

(67) S(w) = y/w . . 

Solution of (57) yields the expression for the function f (w) 



(68) 



f (w) = A + 7 log w - Y Dw , 
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which leads to the supply function by way of (54). 

* * (59) H = A + Y log Dw + PI 

1 - Dw ^ 

This form of supply function implies steeply rising curves at 
low wage-rates, which bend backward to gradually falling curves at 
high wage rates as the substitution effect gets , smaller . The expansion- 
path diagram would be similar 'to that shown in Figure 9^ though no 
precise functional form was employed there . | 

Clearly a virtually unlimited number ^f functional forms could 
be adapted to the parallel utility function, but there ±s no great 
benefit to our further investigation of othef variants ^'t this 
juncture. The examples presented above establish paral/Lel functions 
as a flexible and well-behaved class of preference structures that 
may prove to be appropriate as an analytical basis- for models of 
labor supply. 

IV. Conclusion 

In this paper we have sought to pro' ide th*^ theoretical 
background for the explicit modeling and estimation of income- 
leisure preference structures. Estimates of preference structures 
have been ^implicit or explicit in previously estimated models of 
labor supply, but in almost all cases those estimates have been 
limited by arbitrary assumptions about functional form. Our intent 
In this study has been to broaden the scope of ipodel construction 
so that not only the t'st. imtion of individual parainetors but also 
the choice of an appropriate functional form may be viewed as a 
tractable empirical question. 
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One of the reasons that the selection of an appropriate 
functional form has not been regarded as an empirical question in 
previous labor supply studies is that a systematic set of alter- 
natives to \choose among has not been obvious. In this paper we have 
characterized the inherent preference structures of a wide variety 
of labor supply models in terms of patterns of expansion paths in 
the income-leisure plane. This methodology provides the common 
ground for a systematic comparison of the underlying preference 
structures from a highly diverse set of analytical forms. In 
particular, the preference structures implicit in various functional 
adaptations of the classical general labor supply model may be 
compared directly with those from models based on explicit assump- 
tions about the form of the utility function.' 

A large part of the paper has been devoted to a review of 
empirical labor supply models and an exposition of their underlying 
preference structures \^^Lthin the expansion-path formal . On the 
basis -of this review it has been possible to outline a well-behaved 
set of alternative structures. The primary distinguishing feature 
of the different .models is the convergence or divergence of expansion 
paths at different marginal wage rates. The structures implied by 
the more tractable empirical models fall along a continuum from 
highly divergent to highly convergent patterns of expansion paths. 
At the divergent end of the spectrum are. models based on homothetic 
utility functions, such as the model with constant elasticity of 

substitution or the more general model with variable elasticity. 

/ s ■ 

In these models, the ex|:)ansion paths diverge from a subsistence 
point representing minimum acceptable levels of leisure and market 
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consumption. At the other end of the continuum are preference / 
structures with expansion paths that converge at a "bliss poit^,' 
so named because.it represents a maximum attainable level o 

■ ■ • / 

utility. The linear additive supply model and the quadratic 
utility model are the primary examples pf convergent p^ference 
structures, // - 

A third general class of preference structured falls midway 
between the two extremes. Structures in this cl^s are characterized 
by parallel expansion paths, hence our "parallel preference functions," 
To our knowledge, this class of models has no'^ previously been 
formulated in analytical terms, although a s pl^ciai-'^rase^^^^^ 
parallel preference model was implicit in an estimation procedure 
employed by Ashenfelter and.Heckman. As examples', we derived the 
analytical forms for two other simple parallel models. 

The expansion-path methodology that served to organize our 
review of diverse analytical preference structures also serves as^ 
the basis for a general empirical model. Our .proposed estimation 
form is adapted from a model developed by Cohen, Rea, and Lerman 
(1970), In this model, categorical interactions between the 
marginal wage rate and the income effect permit separate estimates 
of the income effect for each of several intervals of the marginal 
wage rate. These estimates m^y then be interpreted as approximate 
sample analogs of expansion paths for the various wage intervals. 
The direction and magnitude of estimated interactions between the 
income effect and the marginal wage rate v/ill determine the 
convergence or divergence of the preference structure implied by 
the general estimation model. If the magnitude of the estimated 
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income effect had a fjtrong inverse relationship with the marginal 
wage rate, the general estimates would suggest a divergent homothetic 
^ Structure* A weak inverse relationship would be consistent with a 

parallel structure, and a zero or positive relationship would imply 
a convergent structure • 

It is also possible to conduct formal statistical tests of 
alternative functional forms on the basis of estimates from the 
general empirical model. To test the appropriateness of a given 
analytical form, we would establish a null hypothesis involving 
the.implieqi ratios of income effects at different wage levels. 
We would then reject, or fail to reject, the null hypothesis on 
the basis of freely estimated income effects for the different 
wage levels . 

In any empirical study one must expect some degree of uncertainty 
due to sampling errors in estimates. It is thus likely that estimates 
from the general model will be statistically consistent with a number 
of different analytical forms within the range of available data. 
The different functional forms can have very different implications about 
behavior at more extreme values of independent variables, however. 
These differences are important because policy issues, such as the .. 
assessment of the labor supply impact of income-maintainance 
• programs, often involve inferences about responses outside the 
usually observed range of variables. In our review of alternative 
models we have thus devoted additional attention to the general 
plausibility of implied labor supply behavior over a wide range of 
variables. The dif f erin^iir.-^lications of different models would be 
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testable, given sufficiently rich empirical data. In the absence of 1 

t 1 

reliable empirical information, our review provides useful perspec- \ 

\ 
\ 

tive on the sensitivity of policy inferences to alternative assumptions \ 

f ■ ' 

about functional form. 

In the above discussion v;e have emphasized the generality of 
our proposed approach to empirical inference about the functional 
form of preference structures. We also need to note its limitations. 
In particular, the well-behaved set of alternative preference structures, 
characterized by divergent, parallel, or convergent expansion paths, 
is limited to models having linear expansion paths. A more general 
set, including inodels with curved expansion paths, would clearly 
be more difficult to characterize in simple terms. It is our 
judgment that our restriction to models with linear, expansion 
paths represents a reasonable compromise given the limitations 
of available data on individual labor supply. Most critically, the 
variance of nonwage income is rarely large in observed data, and 
the effectiva variance is further reduced because separate income 
effects must be estimated for individuals at' different wage levels. 
It is thus unlikely that workably reliable eetitnates of curvature 
in the income effects can be obtained in addition to estimates of 
wage-income interactions. We have included an exposition of 
selected properties of previously estimated curvilinear ^upply 
models but have not attempted a more general treatment o^- curvilinear 
structural models. These limitations notv/ithstandlng, we hope 
that the methods proposed in chis paper can lead to significantly' 
greater generality in tl\e estimation and interpretation of models 
of '^labor supply. There are also potential extensions of this 

7a . 
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methodology to multiple-worker models of labor supply and to models 
of demand for major consumer commodities. 



/ 
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Appendix,. 

* 

Explicit Utility Functions for Members of the Parallel Class 

For some functions in the parallel class, it is possible to solve 
for explicit expressions for utility as a function of market consumption 
and leisure or v7ork hours. Since our primary interest is in work hours, 
we shall work directly with that negative good, rather than with its 
positive complement, leisure, as an argument of the utility function. 
The basic method of solution is illustrated graphically in Figure A.l. 

Our aim is to find a raonotonic^ index that will provide a rela- 
tive ranking of the utility level of all consumption points in the^H, 
M plane. We accomplish this by obtaining an equation for the indif- 
ference curve through any given consumption point and then determining 
the point of intersection between that curve and an expansion path 
that has been chosen as a reference .-^ Higher indifference curves will 
clearly intersect the reference path at a higher level of market con- 
sumption, and .conversely for lower curves', so :e level of market 
goods at the intersection point provides a convenient index of 
Utility. In the figure, the indifference curve through the 
consumption point (H^, M^) intersects the reference path at point A, 

with coordinates (H - , M - ) . The index value for utility at that 

ul ul 

• ■ 

point is then taken to be U(H^, M^) == M^^. The value of the utility 
index for consumption point (H^ , M^) is obtained in analogous 
fashion. 

In the analytical derivation that follows, the notation corre- 
sponds to that used in Figure A.l. We also use w, the notation for 
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Figure A.l 
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wage rate, to represent the marginal wage rate of substitution at 

any consumption point. . Since one of the objects of the utility index 

is to allow' comparison of consumption points that are not necessarily 

local optima, the marginal rate of substitution or the equilibrium 

marginal wage rate is presumed to be initially unknown. For 

convenience of reference, a summary of notation follows : 

(H^, M_^) The consumption point of work hours and market 

goods for which we wish to obtain a value of the 
utility index. 

The (initially unknown) marginal rate of substi- 
tution or equilibrium marginal wage rate at 
(H.. M.). 

(H^^, ^^^) The (initially unknown) point of intersection 

between the reference expansion pat|h and the 
indifference curve through (H_j^, M_^)'. 

U. = M . The value of the utility index, 

1 ui ■ 

\ 

The marginal rate of substitution along the 
Reference path^-a known constant chosen for 
convenience. 

(H^5 M^.) Th^ origin point of the reference path. M i^N 

most conveniently taken to be ^ero , and H is a 

o 

constant that depends on . H , M , and w are 
all implicit or explicit v .istants in the function 
f(w) that characterizes the parallel function in 
question. 

The features of the parallel function that are presumed to be 
'known are the general expression for the expansion paths and the 
derived expression for the substitution effect, shown in (A.l) and 
(A. 2). These equations are repeated from (52) and (57), respectively. 

(A.l) H = f (w) + DM . 

(A. 2) S(w) - * 



1 - DW 
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In the particular cases treated below, we work directly from 
alternative assumed forms of the function S(w) and do not bother with 
the expressions for f(w), which were derived in section III. 

The equation for an indifference curve is obtained as the 

solution to two simple simultaneous differential equations based on 

the form of the substitution effect and the definition of .the 

marginal v/age rate. We solve for these equations as if the initial 

constants (H . , M , ) were known. We then solve for the value of 
ui ui 

the initial constants that will yield an indifference curve through 
the consumption point (H^, ' 

The function for the substitution effect relates work hours to 
the wage rate along an indifference curve. 

(A. 3) a) S(w) = 1^ 

b) = S(w) Ow . • . 

^ u u • 

The definition of wage rate relates all three variables, market 
consumption, work hours, and wage rate. 

(A. 4) ^ > 

b) uM = wan . 

We may reduce the number of variables in (A. 4) by substitution 
for ''H from (A. 3b). 



(A, 5) 'M =• w SCw^r^w 
u u 
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Given knowledge of the form of S(w), the equations (A,_3b) and 
(A, 5) niay be solved by integration, and those solution functions may 
then be solved for the desired initial constants. 

The simplest functional form for the substitution effect is^tJmt 
it is constant . 



(A. 6) S(w) = S • . 
The differential equations then become 



(A. 7) "dn 5= S3w ; 

u u 



(A. 8) 3M = wSdw 
u u 



These admit to the integral solutions in (A. 9) and (A. 10), with 

w conveniently chosen to be zero . 
o 



(A. 9) a) H 




S?w ; 



b) (H. - H .) = S(w. - w ) - Sw. 

1 ui .1 o 1 



(A. 10) a) M 



w. / w, 

1 / 1 



w ^ w 
o o 



wS3w 



b) (M. - M .) = i S(w^ . w^) - ^ Sw.^ 
1 ui 2 1 Q 2 1 
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The unknot-m, , may be eliminated by simultaneous solution. 
(A.ll) (M. - M^.) (H. - H^,)- . 

Then the expression for the reference expansion path given in 
(A. 12) is used to reduce equation (A.ll) to a quadratic equation in 
the single unknown, ^^^^ which is our utility index. 



(A. 12) H . = H + .D (M . - M ) = H + DM . . 
^ Ul Os Ul o o ul 



(A. 13) (M. - H .) = iti, - H ^ DM .)^ 
^ 1 Ul 2S 1 o Ul 



Rearranging and applying the quadratic formula to (A. 13) finally 
yields the explij:it function for our utility/ index.' 



(A.14) U(H.,M.) - M^i =^52 



S+D(H.-I1 ) H-^/ S -2SD(H.--H -2DM.) 
10 y 1^0 ,1 



For reassurance that this is indeed the appropriate utility 
function, it is comparatively B^sy to set the ratio of marginal 
utilities equal to the negative wage rate and derive the expansion- 
path expressions that are more direccly derived in equations (52) 
and (64b). 

The parallel utility function with a proportional substitution 

effect, S(M) = , turns out to be less tractable in terms of an 

w , 

explicit utility index. A derivation parallel to that above leads 
to the following equation, with M^^ as an unknovm . 



(A. 15) (M. - M - w [1 - exp (H . - H - .)] . 

^ 1 Ul O 1 C Ul 



So far as I am aware, equation (A. 15) does not admit to an analytic 



solution for M . . 

Ul 



Notes 
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■'iWe shall refer to preference structures and utility functions 

interchangeably. The former term is somewhat preferable in that it 
connotes only relative preferences. All monotonic transf orn^atioris of 
a given utility function will correspond to a single preference 

structure. We will be concerned only with the relative preferences. 

i 

that are" independent of the chosen scale of the utility function. We 
also i/se "inpome-leisure" as a shorthand for ''market consumption- 
leisdre^' in reference to the arguments of the preference fun^^dron, 

other contexts we take care to reserve the term '^j^t^ome" to refer 
to exogenous nonwage income, as distinct f rorr^-^arket, consump tion" 
or "total family income/' which is arv-^do'genous variable. 

^Dickinson (1975a) * l 

^These are important issues for any practical applications of 
labor supply models and are addressed in Dickinson (1975a, 1976b). 

^The use of a single composite of market goods with a singlk 
price index is a reasonable approximation to the extent that price 
changes in major subcomponents are approximately proportional or that 



those components \^itli disproportionate price changes are not important 



/ 

substitutes for or complements to leisure. 



"^In this discussion we review and illustrate the properties of 

\ V 

\ . ■ . 

the general theoretical model. For ^ formal derivation of the 
classical restrictions see, for instance, Kosters (L966) . 

^In conventional demand studies the several demand functions in 
a complete set, such as the functions in (3a)j and (3b), are often 

82 
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treated symmetrically. Consistency with fhe budget constraint is 
then enforced by the imposition of so-xTalled aggregation conditions^-^ 
These conditions are' discussed in Goldberger (1967^^,.3y Incorporating 
the budget constraint in the demand equatiatT^f or market goods we 
assure that the aggregation comiarfions will be met at all points 
for wHich the functions a-iTe defined . 

''^Except for the negligible second-order effect due to ; the change 
in the marginal wage rate and the resulting response. | 

^Reca^ that the signs are reversed from the usual demand theory 
results:^ 

\ change in only the marginal vage is equivalent to a change 
in wage rate for all hours accompanied by a compensating change in 
nonwage income equal to -H^Aw. This may be seen by extrapolating the 
line CK back to point P at zero work hours. The vertical distance 
AP represents the compensating income change, -H^Aw. 

•^^Garfinkel (1974) made direct use of estimated supply functions 

in projecting the labor supply responses implied by a variety of 

I 

previously estimated supply functions. At thc|it time, however, he 
appeared to regard the procedure as a second l:|est, adopted only for 
expositional simplicity. Garfinkel and Masters (f or thcaming) and 
Plotnick and Ckidmore (1975) have adopted the direct simulation , 
technique. ' ""i 

-^^Xt is necessary to use intermediate estdmates' of the substi- 
tution effects for more complex problems such as the determination of 
'the expected responses by workers above the breakeven point of a 
negative Income tax. Care must nonetlieless be exercised to maintain 
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functional consistency. For direct use of the supply fuactirin as the 
simulation equation, all bijdget variables must be expressed in net 
terns. The necessary transformations are discussed in Dickinson 
(1975b). 

"^"^A partial listing includes Kosters (1966), Greenberg and Kosters 
(1970), Boskin (1973), Hill (1973), Dickinson (1974). In several 
cases other more complex forms were also estimated. 

"^^See Cain and Watts (1973, p. 333, Table 9.1, foo/tnote^). 

"^^See Dickinson (1974) and in the context of other models, 
Ashenfelter and Heckman (1973) and Rea (1971)., 

"^^See, for ins tance^i, Greenberg and Kosters (1970), Rosen and 
Welch (1971), and Hill (1973). These authors note the dependence 
of the elasticity on t'he initial wage but then treat it as a 
constant. 

"^^S = A-BH, and B is negative. 
17., 



w 

\ 77 = ri , a constant less than one. A given proportional 

U H S . , r r ^ 



increase in w results in a smaller propor cioilial increase in H. The 

ratio w/H thus increases with increasing w and H along an indif f eN^ence 
curve, and 

JW. 



must decrease to maintain the assumed constancy of 

u 

the elasticity. Conversely, as w approaches r^ero, ^ 

Ow 

very large. 



must become 

u 



18' 

I maintain^his somewhat awkward terminology to avoid confusion 

witVi the "elasticity of substitution" parameter for production functions, 

wl^.ich is'^ similar but not identical to the current concept. 
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^^The uncompensated wage derivative, ~ , mut't he independent of 
I, since |y = B is a constant and is thus independent of w. 3 (|f /^'w=0 
implies that 3 /9I=0. 

^°This donstraint has the greatest effect on the income effect 
for the wage interval $2 . 50-$4 . 99/hr . A free approximation of the 
expansion path for that range would intersect the next-lower path in 
the vid'lnity of H=2250, H=$8500.. 

"■^An extensive discussion of our treatment of complex budget para- 
meters is provided in Dickinson (1975b) . See also the brief comments 
later in the text, 

^^For an application of this functional form in a labor supply 
context, see Wales and Woodland (1974). For a mo're general exposition 
ard application, see Christensen, Jorgensen, and l\au (1975). 

^-^See, for instance, Leuthold (1968) , Wales (1973), and Horner 
(1973) i 

^"^The param^ers ot and a clearly can be multiplied by a scale, 
constant withput affecting the supply functions. The functions are 
thus simplified slightly by noritialization such that a + B = 1. Note 
that the terms in 35c and 35d would be grouped * differently for^ 
estimation pu^^oses. ' 

^^Note thac :n this particular case the slope of an expansion 
path ^ = ~"7^s proportional to the income effect on work hours from 
^3^^)^ £^ = -a/w. This is a consequence of the linear expenditure 
property, which implies a constant marginal propensity to spend 
on leisure regardless ef-the wage rate. From equation (21) we have 
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£H = ''llIL = - >/w __ ^ - i/w -i/w ^ i OH 

The ^ierm w in the denominator reduces to a constant only for this 
particular f unc tion^l form. 

These parameter values were chosen with an eye toward a degree 
of realism for male family heads. The asymptote of 2400 hours is a\ 
bit high but is a conveniently round number. The labor supply curve 
for I = 0 is similar to that observed in several studies. And at 
$4 per hour (close to the current mean wap,e) the income effect of 
-.0625 is well within the range of recent estimates. 
27 

Goldberger (1967), with reference to an unpublished paper by 

Pollak (1967), points out that the addilog from (37a)/ is simply a 

/ 

monotonic transformation of the more familiar forr.i./ The labor supply 

equations are unaffected by such transformations. 

28 / 

In our notation, o is defined as a positive'* number. 

on / 

^ See, for instance, Houthakker and Taylor (1970). and Taylor 
and Weiserbs (1-972). Hender^^ton' and Quandt (1958, p. 24) present a 
simple labor supply example. 

The literal zero point that would allow up to 24 hours of work 
per day clearly untenable implications for labor supply'. I^bor 

supply equilibria at normal levels would be possible only if the 

/ 

income effect were several times greater than has been observed in 
any empirical study. 
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^"'"Ttie derivation of an explicit utility index for one function 
in the parallel class is presented in the Appendix to this paper. 

Note that the variable w in f (w) refers to the equilibrium 
marginal wage rate or the marginal rate of substitution, which is 
fixed along a given expansion path. It is thus a characteristic of 
the\p reference structure and is not associated with a particular 
budget line. The marginal rate of substitution is equated to the 
wage rate of the budget constraint in equation '(52) in Order to solve 
for the labor supply eq^iation. 
3 3 

The limiting case of a homothetic function with zero elasticity 
of substitution is also a member of the present class, with f(w) 

equal to a constant. In that special case the wage-income inter- 

"■^^ . ^ . ^ , . . " i 

action is, of course^ 4:he same, 

strictly speaking, Ashenfelter and Heckman use an instrumental 
variable far M itself "only in the two-worker model (1974), In the 
single-worker model (1973) they construct the ins trumental./variable 
piecevise, using predicted values of work hours and other / components , 
However, they average the individual predicted values of 'H with the 
constant sample mean in their construction of the actual variable. 
Had they used the sample mearf alone , their model would be a variant 
of the linear additive supply function. Their use of an average 
value presumably results in an implicit preference structure that 
represents a mixture of the linear additive supply model and the 
parallel utility model. ^ 

'The solution function for an indifference curve for this model 
is given in equation (A.ll) of the Appendix, 
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This ^;eneral approach to the specification of a utility function 
is related lo one employed by Sanuclson (1965, p. 785), In the case 
of a parallel function, the equation for any given indifference curve 
applies as well to all others with only a linear translation. Sainuolson 
treats the homothetic case in v;hich indifference contours are identical 
hut for a scale factor. We use the translation parameter as the 
utility index; Samuelson uses the scale factor, 

^^Any monotonic transformation of this index would also bQ 
acceptable as a utility index (see Sairuelson, 19A7, p. 94), but the 
present one seems to be the most convenient. 
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